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Normal and non-normal cone
Coincidence point
Symmetric space
a b s t r a c t
The aim of this paper is to present coincidence point result for two mappings in cone
metric space which satisfy new contractive conditions. Our results generalize fixed point
theorems of Jungck [G. Jungck, Commuting maps and fixed points, Amer. Math. Monthly
83 (1976) 261–263], Abbas–Jungck [M. Abbas, G. Jungck, Common fixed point results for
noncommutingmappingswithout continuity in conemetric spaces, J.Math. Anal. Appl. 341
(2008) 416–420] and Fisher [B. Fisher, Four mappings with a common fixed point. (Arabic
summary), J. Univ. Kuwait Sci. 8 (1981) 131–139] in cone metric spaces to symmetric
spaces.
© 2009 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
Conemetric spaceswere introduced in [1]. There the authors described convergence in conemetric spaces and introduced
completeness. Then they proved some fixed point theorems of contractive mappings on cone metric spaces. Recently, in
[2–4] some common fixed point theorems were proved for maps on cone metric spaces.
Consistent with Huang and Zhang [1], the following definitions and results will be needed in what follows.
Let E be a real Banach space. A subset P of E is called a cone if and only if:
(a) P is closed, nonempty and P 6= {0} ;
(b) a, b ∈ R, a, b ≥ 0, and x, y ∈ P imply ax+ by ∈ P;
(c) P ∩ (−P) = {0} .
Given a cone P ⊂ E, we define a partial ordering ≤ with respect to P by x ≤ y if and only if y − x ∈ P . We shall write
x < y to indicate that x ≤ y but x 6= y, while x ywill stand for y− x ∈ int P (interior of P). A cone P ⊂ E is called normal
if there is a number K > 0 such that for all x, y ∈ E,
0 ≤ x ≤ y implies ‖x‖ ≤ K ‖y‖ .
The least positive number satisfying the above inequality is called the normal constant of P . It is clear that K ≥ 1. From [4,5]
we know that there exists an ordered Banach space E with cone P which is not normal but with int P 6= ∅.
Definition 1 ([1]). Let X be a nonempty set. Suppose that the mapping d : X × X → E satisfies:
(d1) 0 ≤ d (x, y) for all x, y ∈ X and d (x, y) = 0 if and only if x = y;
(d2) d (x, y) = d (y, x) for all x, y ∈ X;
(d3) d (x, y) ≤ d (x, z)+ d (z, y) for all x, y, z ∈ X .
Then d is called a cone metric on X and (X, d) is called a cone metric space. The concept of a cone metric space is more
general than that of a metric space.
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Definition 2 ([1]). Let (X, d) be a cone metric space. We say that {xn} is:
(e) a Cauchy sequence if for every c in E with 0 c , there is an N such that for all n,m > N, d (xn, xm) c;
(f) a convergent sequence if for every c in E with 0 c, there is an N such that for all n > N, d (xn, x) c for some fixed
x in X .
A cone metric space X is said to be complete if every Cauchy sequence in X is convergent in X . It is known that {xn}
converges to x ∈ X if and only if ‖d (xn, x)‖ → 0 as n→∞.
In the following we always suppose that E is a Banach space, P is a normal cone in E with int P 6= ∅ and ≤ is partial
ordering with respect to P.
2. Main results
Theorem 2.1. Let (X, d) be a complete cone metric space, and P a normal cone with normal constant K . Suppose that the
commuting mappings f , g : X → X are such that for some constant λ ∈ (0, 1) and for every x, y ∈ X,
‖d(fx, fy)‖ ≤ λ ‖d (gx, gy)‖ . (2.1)
If the range of g contains the range of f and if g is continuous, then f and g have a unique common fixed point.
Proof. Let x0 ∈ X be arbitrary and let x1 ∈ X be chosen such that y0 = f (x0) = g(x1). This can be done, since f (X) ⊆ g(X).
Let x2 ∈ X be such that y1 = f (x1) = g(x2). Continuing this process, having chosen xn ∈ X , we choose xn+1 in X such that
yn = f (xn) = g(xn+1).
We first show that
‖d (yn, yn−1)‖ ≤ λ ‖d (yn−1, yn−2)‖ for n = 2, 3, . . . . (2.2)
Indeed,
‖d (yn, yn−1)‖ = ‖d (fxn, fxn−1)‖ ≤ λ ‖d (gxn, gxn−1)‖ = λ ‖d (yn−1, yn−2)‖ .
(2.2) implies that
‖d (yn, yn−1)‖ ≤ λ ‖d (yn−1, yn−2)‖ ≤ · · · ≤ λn−1 ‖d (y1, y0)‖ . (2.3)
Now we shall show that {yn} is a Cauchy sequence. By the triangle inequality, for n > mwe have:
d (yn, ym) ≤ d (yn, yn−1)+ d (yn−1, yn−2)+ · · · + d (ym+1, ym) .
Hence, as P is a normal cone,
‖d (yn, ym)‖ ≤ K ‖d (yn, yn−1)+ d (yn−1, yn−2)+ · · · + d (ym+1, ym)‖
≤ K (‖d (yn, yn−1)‖ + ‖d (yn−1, yn−2)‖ + · · · + ‖d (ym+1, ym)‖) .
Now by (2.3),
‖d (yn, ym)‖ ≤ K
(
λn−1 + λn−2 + · · · + λm) ‖d (y1, y0)‖
≤ Kλ
m
1− λ ‖d (y1, y0)‖ → 0, asm→∞.
From ([1], Lemma 4) it follows that {yn} = {fxn} = {gxn+1} is a Cauchy sequence. Since X is complete, there is some q in X
such that
lim
n→∞ fxn = limn→∞ gxn+1 = q.















n→∞ gfxn = limn→∞ fgxn.
From (2.1) we get
‖d (fgxn, fq)‖ ≤ λ
∥∥d (g2xn, gq)∥∥ .
Taking the limit as n→∞we obtain
‖d (gq, fq)‖ ≤ λ ‖d (gq, gq)‖ .
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Thence, as 0 < λ < 1, we have d (gq, fq) = 0, that is fq = gq. Again from (2.1) it follows that
‖d (fxn, fq)‖ ≤ λ ‖d (gxn, gq)‖ .
Taking the limit as n→∞
‖d (q, fq)‖ ≤ λ ‖d (q, gq)‖ = λ ‖d (q, fq)‖ .
Hence, fq = q. Thus we proved that gq = fq = q. The uniqueness of the common fixed point q follows from (2.1). Indeed,
let q1 be another common fixed point for f and g . Then
‖d (q1, q)‖ = ‖d (fq1, fq)‖ ≤ λ ‖d (gq1, gq)‖ = λ ‖d (q1, q)‖ .
As 0 < λ < 1 it follows that d (q1, q) = 0, i.e., q1 = q. The theorem is proved. 
Let g = IX be the identity mapping on X . Then the following modification example from [1] shows that our Theorem 2.1.
is indeed a generalization of Abbas–Jungck’s Theorem 2.1. from [2].
Example 2.2. Let E = R2 be the Euclidean plane, and P = {(x, y) ∈ R2 : x, y ≥ 0} be a normal cone in E. Let
X = {(x, 0) ∈ R2 : 0 ≤ x ≤ 1} ∪ {(0, x) ∈ R2 : 0 ≤ x ≤ 1} .
The mapping d : X × X → E is defined by




|x− y| , |x− y|
)




|x− y| , |x− y|
)
d ((0, x) , (0, y)) =
(





Then (X, d) is a complete cone metric space.
Let mapping f : X → X with







Then f satisfies the contractive condition
d (f ((x1, x2)) , f ((y1, y2))) ≤ λd ((x1, x2) , (y1, y2)) ,




. On the other hand, it is not hard to verify that f satisfies the contractive
condition (2.1):
‖d (f ((x1, x2)) , f ((y1, y2)))‖ ≤ λ ‖d ((x1, x2) , (y1, y2))‖ ,











4 it follows that (2.1) in Theorem 2.1. is more general than (2.1) from ([2], Theorem 2.1).
More general result:
Theorem 2.3. Let (X, d) be a cone metric space, and P a normal cone with normal constant K . Suppose mappings f , g : X → X
satisfy
‖d (fx, fy)‖ ≤ λ ‖d (gx, gy)‖ for all x, y ∈ X, (2.4)
where λ ∈ (0, 1) ,
or ‖d (fx, fy)‖ ≤ λ (‖d (fx, gx)‖ + ‖d (fy, gy)‖) for all x, y ∈ X, (2.5)
where λ ∈ (0, 12 ) ,
or ‖d (fx, fy)‖ ≤ λ (‖d (fx, gy)‖ + ‖d (fy, gx)‖) for all x, y ∈ X, (2.6)
where λ ∈ (0, 12 ) . If the range of g contains the range of f and g (X) is a complete subspace of X, then f and g have a unique
point of coincidence. Moreover if f and g are weakly compatible, f and g have a unique common fixed point.
1276 S. Radenović / Computers and Mathematics with Applications 58 (2009) 1273–1278
Proof. Let x0 be an arbitrary point in X . Choose a point x1 in X such that f (x0) = g (x1). This can be done, since the range of g
contains the range of f . Continuing this process, having chosen xn in X , we obtain xn+1 in X such that yn = f (xn) = g (xn+1).
Then for all three cases (2.4)–(2.6) it follows that
‖d (yn, yn−1)‖ ≤ λ ‖d (yn−1, yn−2)‖ , n = 2, 3, 4, . . . (2.7)
Indeed, from (2.4) it follows that
‖d (yn, yn−1)‖ = ‖d (gxn+1, gxn)‖ = ‖d (fxn, fxn−1)‖
≤ λ ‖d (gxn, gxn−1)‖ = λ ‖d (yn−1, yn−2)‖ , for n = 2, 3, . . .
For the case (2.5) we have
‖d (yn, yn−1)‖ = ‖d (gxn+1, gxn)‖ = ‖d (fxn, fxn−1)‖
≤ λ (‖d (fxn, gxn)‖ + ‖d (fxn−1, gxn−1)‖)
= λ (‖d (yn, yn−1)‖ + ‖d (yn−1, yn−2)‖) , i.e.,
‖d (yn, yn−1)‖ ≤ h ‖d (yn−1, yn−2)‖ , where h = λ1− λ ∈ (0, 1) .
Finally from (2.6) it follows that
‖d (yn, yn−1)‖ = ‖d (fxn, fxn−1)‖ ≤ λ (‖d (fxn, gxn−1)‖ + ‖d (fxn−1, gxn)‖)
= λ (‖d (yn, yn−2)‖ + ‖d (yn−1, yn−1)‖) = λ (‖d (yn, yn−2)‖ + 0)
≤ λ (‖d (yn, yn−1)‖ + ‖d (yn−1, yn−2)‖) , i.e.,
‖d (yn, yn−1)‖ ≤ h ‖d (yn−1, yn−2)‖ , where h = λ1− λ ∈ (0, 1) .
Now by (2.7) for all cases we get
‖d (yn, yn−1)‖ ≤ λ ‖d (yn−1, yn−2)‖ ≤ · · · ≤ λn−1 ‖d (y1, y0)‖ .
Now we shall show that {yn} is a Cauchy sequence. By the triangle inequality for n > m, we have:
d (yn, ym) ≤ d (yn, yn−1)+ d (yn−1, yn−2)+ · · · + d (ym+1, ym) .
Hence, as P is a normal cone,
‖d (yn, ym)‖ ≤ K ‖d (yn, yn−1)+ d (yn−1, yn−2)+ · · · + d (ym+1, ym)‖
≤ K (‖d (yn, yn−1)‖ + ‖d (yn−1, yn−2)‖ + · · · + ‖d (ym+1, ym)‖)
≤ K (λn−1 + λn−2 + · · · + λm) ‖d (y1, y0)‖
≤ Kλ
m
1− λ ‖d (y1, y0)‖ → 0, asm→∞.
According to ([1], Lemma 4) {yn} is a Cauchy sequence in (X, d). Since g (X) is complete, there exists a q in g (X) such that
yn → q as n→∞. Consequently, we can find p in X such that g (p) = q. We shall show that in all three cases f (p) = q.
From (2.4)
‖d (gxn, fp)‖ = ‖d (fxn−1, fp)‖ ≤ λ ‖d (gxn−1, gp)‖ ,
which implies that
‖d (gp, fp)‖ ≤ λ ‖d (gp, gp)‖ = 0,
i.e., ‖d (gp, fp)‖ = 0. Hence, gp = fp. Now we show that in case (1) f and g have a unique point of coincidence. For this,
assume that there exists another point of coincidence q1 in X such that fp1 = gp1 = q1. Now,
‖d (gp1, gp)‖ = ‖d (fp1, fp)‖ ≤ λ ‖d (gp1, gp)‖ .
As 0 < λ < 1 we get ‖d (gp1, gp)‖ = 0, that is gp1 = gp. Hence
gp1 = gp = fp = fp1 = q = q1.
By ([2], Proposition 1.4) f and g have a unique common fixed point.
From (2.5) it follows that
‖d (gxn, fp)‖ = ‖d (fxn−1, fp)‖ ≤ λ (‖d (fxn−1, gxn−1)‖ + ‖d (fp, gp)‖) ,
which implies that
‖d (gp, fp)‖ ≤ λ (‖d (gp, gp)‖ + ‖d (fp, gp)‖) = λ ‖d (fp, gp)‖ ,
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i.e., as 0 < λ < 1 we get ‖d (gp, fp)‖ = 0. Hence, fp = gp. Now we show that in case (2.5) f and g have a unique point of
coincidence. For this, assume that there exists another point of coincidence q1 in X such that fp1 = gp1 = q1.Now,
‖d (gp1, gp)‖ = ‖d (fp1, fp)‖ ≤ λ (‖d (fp1, gp1)‖ + ‖d (fp, gp)‖) = λ (0+ 0) = 0,
which give ‖d (gp1, gp)‖ = 0, that is gp1 = gp. Hence
gp1 = gp = fp = fp1 = q = q1.
According to ([2], Proposition 1.4) f and g have a unique common fixed point.
Finally, from (2.6) we get
‖d (gxn, fp)‖ = ‖d (fxn−1, fp)‖ ≤ λ (‖d (fxn−1, gp)‖ + ‖d (fp, gxn−1)‖) ,
which implies that
‖d (gp, fp)‖ ≤ λ (‖d (gp, gp)‖ + ‖d (fp, gp)‖) = λ ‖d (fp, gp)‖ ,
i.e. as 0 < λ < 1 it follows that ‖d (gp, fp)‖ = 0. Hence, fp = gp. Now we show that in case (2.6) f and g have a unique
point of coincidence. For this, assume that there exists another point of coincidence q1 in X such that fp1 = gp1 = q1. Now,
‖d (gp1, gp)‖ = ‖d (fp1, fp)‖ ≤ λ (‖d (fp1, gp)‖ + ‖d (fp, gp1)‖)
= λ (‖d (gp1, gp)‖ + ‖d (gp, gp1)‖) = 2λ ‖d (gp1, gp)‖ .
As 0 < λ < 12 , it follows that ‖d (gp1, gp)‖ = 0, that is gp1 = gp. Hence
gp1 = gp = fp = fp1 = q = q1.
From ([2], Proposition 1.4) f and g have a unique common fixed point. 
Theorem 2.4. Let S and I be commuting mappings and T and J be commuting mappings of a complete cone metric space (X, d)
into itself satisfying
‖d (Sx, Ty)‖ ≤ λ ‖d (Ix, Jy)‖ (2.8)
for all x, y ∈ X,where 0 < λ < 1. If S (X) ⊂ J (X) and T (X) ⊂ I (X) and if I and J are continuous, then all S, T , I and J have a
unique common fixed point.
Proof. Let x0 in X be arbitrary. Since S (X) ⊂ J (X), let x1 ∈ X be such that Jx1 = Sx0, and also, as Tx1 ∈ I (X), let x2 ∈ X
be such that Ix2 = Tx1. In general, x2n+1 ∈ X is chosen such that Jx2n+1 = Sx2n and x2n+2 ∈ X such that Ix2n+2 = Tx2n+1;
n = 0, 1, 2, . . . Denote
y2n = Jx2n+1 = Sx2n,
y2n+1 = Ix2n+2 = Tx2n+1, n ≥ 0.
Now, we shall show that {yn} is a Cauchy sequence. For this we have
‖d (y2n, y2n+1)‖ = ‖d (Sx2n, Tx2n+1)‖ ≤ λ ‖d (Ix2n, Jx2n+1)‖ = λ ‖d (y2n−1, y2n)‖
‖d (y2n, y2n−1)‖ = ‖d (Sx2n, Tx2n−1)‖ ≤ λ ‖d (Ix2n, Jx2n−1)‖ = λ ‖d (y2n−1, y2n−2)‖ ,
that is, for n ≥ 2
‖d (yn, yn−1)‖ ≤ λ ‖d (yn−1, yn−2)‖ .
Hence, for n ≥ 2 it follows that
‖d (yn, yn−1)‖ ≤ · · · ≤ λn−1 ‖d (y1, y0)‖ .
By the triangle inequality, for n > mwe have
d (yn, ym) ≤ d (yn, yn−1)+ · · · + d (ym+1, ym) .
Hence, as P is a normal cone,
‖d (yn, ym)‖ ≤ K ‖d (yn, yn−1)+ · · · + d (ym+1, ym)‖
≤ K (‖d (yn, yn−1)‖ + · · · + ‖d (ym+1, ym)‖)
≤ K (λn−1 + λn−2 + · · · + λm) ‖d (y1, y0)‖
≤ Kλ
m
1− λ ‖d (y1, y0)‖ → 0, asm→∞.
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As in Theorems 2.1 and 2.3. it follows that {yn} is a Cauchy sequence. Let y ∈ X be such that
lim
n→∞ Sx2n = limn→∞ Jx2n+1 = limn→∞ Tx2n+1 = limn→∞ Ix2n+2 = y.
Since I is continuous and S and I commute, it follows that
lim
n→∞ I
2x2n+2 = Iy, lim
n→∞ SIx2n = limn→∞ ISx2n = Iy.
From (5), it follows that
‖d (SIx2n, Tx2n+1)‖ ≤ λ
∥∥d (I2x2n, Jx2n+1)∥∥ .
Taking the limit as n→∞we get
‖d (Iy, y)‖ ≤ λ ‖d (Iy, y)‖ ,
that is, as 0 < λ < 1 it follows that Iy = y.
Similarly, since J is continuous and T and J commute, it follows that
lim
n→∞ J
2x2n+1 = Jy, lim
n→∞ TJx2n+1 = limn→∞ JTx2n+1 = Jy.
From (2.8), it follows that
‖d (Sx2n, TJx2n+1)‖ ≤ λ
∥∥d (Ix2n, J2x2n+1)∥∥ .
Taking the limit as n→∞we get
‖d (y, Jy)‖ ≤ λ ‖d (y, Jy)‖ ,
that is, again it follows that Jy = y.
From (2.8) we have, as Iy = y,
‖d (Sy, Tx2n+1)‖ ≤ λ ‖d (y, Jx2n+1)‖ .
Taking the limit as n→∞we get ‖d (Sy, y)‖ = 0, that is Sy = y. Again from (2.8) we have ‖d (Sy, Ty)‖ = 0; hence Sy = Ty.
Thus we proved that
Sy = Ty = Iy = Jy = y.
If there exists another common fixed point x in X of all S, T , I and J, then
‖d (x, y)‖ = ‖d (Sx, Ty)‖ ≤ λ ‖d (Ix, Jy)‖ = λ ‖d (x, y)‖ .
Since, 0 < λ < 1, it follows that ‖d (x, y)‖ = 0, i.e., y is a unique common fixed point of all S, T , I and J . The proof of the
theorem is completed. 
Remark 2.5. Theorem 2.1, Example 2.2, Theorems 2.3 and 2.4 generalize the fixed point theorems of contractive mappings
in cone metric spaces to symmetric spaces [6–9]. Indeed, if (X, d) is a cone metric space, then (X,D) is a symmetric space
in the sense of [6,7], where D (x, y) = ‖d (x, y)‖ is a symmetric on a set X . In this case, symmetric space (X,D) satisfies two
axioms (W.3) and (W.4) given by Wilson. The space (X,D) satisfies the property (HE) : if D (xn, x)→ 0 and D (yn, y)→ 0
then D (xn, yn)→ D (x, y) as n→∞. For details see [6].
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